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Abstract
We propose a new form of the rotating C-metric with cosmological constant, which gen-
eralises the form found by Hong and Teo for the Ricci-flat case. This solution describes
the entire class of spherical black holes undergoing rotation and acceleration in dS or
AdS space-time. The new form allows us to identify the complete ranges of coordinates
and parameters of this solution. We perform a systematic study of its geometrical and
physical properties, and of the various limiting cases that arise from it.
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1 Introduction
The Pleban´ski–Demian´ski solution [1] is a very general solution of the Einstein–Maxwell
equations, that contains all the known single-black-hole solutions of this theory. Apart
from the famous Kerr–Newman solution which describes a rotating and charged black
hole, it contains extensions of the latter to include a cosmological constant, acceleration
and NUT charge (see, e.g., [2]). It is also known to contain large classes of black-hole
solutions with non-spherical horizon topologies (see, e.g., [3–6]).
Despite its generality, the Pleban´ski–Demian´ski solution can be written in a remark-
ably compact form. This form involves two related quartic functions, each of a single
coordinate. The parameters of this solution are encoded in the coefficients of these two
quartic functions. It has been traditional to take the parameters to be the coefficients
themselves. However, starting from the work of [7,8], it was realised that a better choice
would be to take the parameters to be the roots of the quartic functions. This leads to
drastic simplifications when analysing the properties of the solution.
To illustrate this point, let us focus on the static limit of the Pleban´ski–Demian´ski
solution. This special case is known as the C-metric, and describes a black hole undergoing
an acceleration, but with no rotation or NUT charge. The C-metric is traditionally written
in the form proposed by Kinnersley and Walker [9], who used a coordinate shift and
rescaling to write it in the form (for simplicity, we only consider the uncharged case):
ds2 =
1
A2(x− y)2
[
F (y)dt2 − dy
2
F (y)
+
dx2
G(x)
+G(x)dφ2
]
,
G(x) = 1− x2 − 2mAx3,
F (y) =
(
1− 1
ℓ2A2
)
− y2 − 2mAy3. (1)
Here ℓ is related to the cosmological constant Λ by Λ ≡ −3/ℓ2, while m and A are
parameters related to the mass and acceleration of the black hole, respectively. Since G
and F are cubic functions, their roots are cumbersome to write down in terms of ℓ, m and
A. Yet, it is important to know the form of these roots, since they encode the locations
of the axes and Killing horizons of the space-time.
When the cosmological constant is zero, note that G and F share the same coefficients.
In the case, Hong and Teo [7] realised that instead of using the above-mentioned coordinate
freedom to set the linear coefficient of G to zero, it is better to set it to a value such that
G can be written in the form:
G(x) = (1− x2)(1 + 2mAx) , (2)
and similarly for F . In this form, their roots are trivial to read off: the two axes of
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the space-time are located at x = ±1, while the acceleration and black-hole horizons are
located at y = −1, − 1
2mA
, respectively. It is important to emphasize that this new form of
the C-metric is physically equivalent to the traditional form of it. The difference lies only
in how the solution is parameterised: the traditional form effectively uses the coefficients
of the cubic functions as parameters, while the new form effectively uses their roots as
parameters.
When the cosmological constant is non-zero, the constant coefficients of G and F are
different. This means that there is no longer a simple relationship between the roots of
G and those of F , and it is not immediately obvious how the form of [7] can be extended
to this case. In fact, it was not until recently that the authors of [10] succeeded in doing
so. Starting from the static limit of the Pleban´ski–Demian´ski solution, and assuming that
the two cubic functions have two real roots each, they obtained a metric of the form:
ds2 =
ℓ2(a2 − 1)(1− b2)
(x− y)2
(
Q(y)dt2 − dy
2
Q(y)
+
dx2
P (x)
+ P (x)dφ2
)
,
P (x) = (x2 − 1)[(a + b)(x− a− b) + ab+ 1] ,
Q(y) = (y − a)(y − b)[(a + b)y + ab+ 1] . (3)
Note that the cosmological-constant parameter ℓ2 now appears as a conformal factor of
the metric. The other two parameters of the solution, a and b, are simply chosen to be
the roots of the cubic function Q. A coordinate freedom can be used to set the two roots
of the cubic function P to be ±1. The third root of P and of Q are then determined
in terms of a and b.1 It can be checked that in the limit of zero cosmological constant
(ℓ2 → ±∞ and b→ −1), the form of the C-metric in [7] is obtained.
Now, the two roots x = ±1 represent axes of the space-time, while the two roots
y = a, b represent a black-hole and an acceleration horizon of the space-time. Thus the
metric (3) describes a black hole undergoing an acceleration in de Sitter space-time [11–13]
or anti-de Sitter space-time [14–16]. However, it is known that in AdS space-time, there
exists a class of “slowly accelerating” black holes [17, 14, 16], whose space-times do not
contain acceleration horizons. This class of black holes is not described by (3), for the
simple reason that the form of Q in (3) assumes the existence of an acceleration horizon
(in addition to a black-hole horizon).
Thus, to describe the class of slowly accelerating AdS black holes, one has to use a
different form of (3) which does not assume that Q has three real roots. Indeed, a form of
the AdS C-metric in which P and Q are assumed to have one real root each was presented
in [5]. The other two roots of P and of Q may either be real or complex. The case where
P has three real roots and Q has only one real root describes the slowly accelerating AdS
black holes. We remark that the case where P and Q have only one real root each was
1Recall that cubic polynomials either have exactly one or three real roots. Thus, the third root of P
and of Q in this case are necessarily real (a and b are, of course, assumed to be real).
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also studied in [5], and was shown to describe slowly accelerating AdS black holes with a
non-spherical horizon topology (this case was in fact the main focus of that paper).
It is instructive to recall the form of the AdS C-metric used in [5]:
ds2 =
ℓ2
(x− y)2
(
Q(y)dt2 − dy
2
Q(y)
+
dx2
P (x)
+ P (x)dφ2
)
,
P (x) = (1 + x)(1 + νx+ µx2) ,
Q(y) = y
[
1 + ν + (µ+ ν)y + µy2
]
. (4)
As can be seen, P and Q have one explicit real root each. A coordinate freedom can be
used to set them to be x = −1 and y = 0, respectively. The solution is parameterised
by µ and ν (in addition to ℓ), which appear as coefficients of the quadratic factor in P .
Depending on the ranges of µ and ν, the roots of this quadratic factor (as well as that in
Q) may be complex. This is the reason why the roots were not used as parameters here.
The above two metrics (3) and (4) show that there exist different forms of the C-
metric with cosmological constant, that are adapted to different physical situations. The
number of axes and Killing horizons in the space-time translate to the number of real
roots of P and Q. This would in turn determine how best to parameterise the solution. In
general, it is possible to use a coordinate freedom to set two of the roots to specific values.
The remaining real roots, if they exist, can then be used to parameterise the solution.
Otherwise, suitable polynomial coefficients would have to be used as parameters.
In this paper, we will be primarily interested in spherical black holes undergoing an
acceleration in dS or AdS space-time. The condition that these black holes are spherical
immediately implies that P must have two (and hence three) real roots. On the other
hand, we should not impose the same on Q, since we have mentioned that there exists a
class of slowly accelerating black holes in AdS space-time which do not have acceleration
horizons. Thus, we impose that Q has (at least) one real root.
The two real roots of P can, as usual, be taken to be ±1. The only other real roots that
we know exist at this stage are the third root of P and the one real root of Q. It might seem
natural to parameterise the solution in terms of these two roots. But unlike the above two
cases, these two roots belong to different functions and the resulting parameterisations
are not very elegant. After some trial and error, the simplest parameterisation of this
solution turns out to be given by (5) below. As can be seen from the first equation of
(6), the parameter c is directly related to the third root of P . However, the parameter
b has no direct relation to the real root of Q; instead, it has been chosen to be simply
the constant coefficient of Q. In the light of what was discussed above, this might seem
regressive since there are no simple expressions for the roots of Q. In choosing this
parameterisation, we were also driven by a consideration hitherto not mentioned: that
the chosen parameterisation should admit a simple generalisation to the rotating case. It
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turns out that the metric (5) does have an elegant rotating generalisation.
It is our aim in this paper to show that the metric (5), and its rotating generalisation,
provides a useful form to describe the entire class of spherical black holes undergoing an
acceleration in dS or AdS space-time. To this end, we will show how it can be used to
build up a complete picture of the parameter space of solutions. This is something that
has proved very difficult to do in previous forms of this solution (e.g., [18]). With the
parameter space identified, we are then able to describe the various parts and boundaries
of it. In particular, we mention that one boundary of the parameter space corresponds to
the “black bottle” solution that was studied in [6].
This paper is organised as follows: We begin in Sec. 2 with a study of the static metric
(5). We find the appropriate coordinate and parameter ranges, and study its geometrical
and physical properties. We also discuss various special cases of this solution. In Sec. 3,
we turn our attention to the rotating generalisation of (5), and build upon the analysis
of the static case. The paper concludes with a discussion of a few possible avenues for
future work.
2 Static accelerating black hole
The metric describing the static accelerating spherical black hole can be written as
ds2 =
ℓ2(1− b)
(x− y)2
[
Q(y)dt2 − dy
2
Q(y)
+
dx2
P (x)
+ P (x)dφ2
]
,
P (x) = 1 + cx− x2 − cx3, Q(y) = b+ cy − y2 − cy3. (5)
We note that the functions P and Q can also be written as
P (x) = (1− x2)(1 + cx) , Q(y) = P (y)− (1− b) . (6)
This solution has three parameters: ℓ, b and c. The first parameter is related to the
cosmological constant Λ by
Λ = − 3
ℓ2
. (7)
It can be seen that the de Sitter (dS) case Λ > 0 corresponds to ℓ2 < 0, while the anti-de
Sitter (AdS) case Λ < 0 corresponds to ℓ2 > 0. The Ricci-flat case Λ = 0 is recovered in
the limit ℓ2 → ±∞.
2.1 Coordinate and parameter ranges
Of the three roots of the function P , two can be fixed at x = ±1 by using the rescaling
and translational symmetries of the metric (5); see, e.g., [10]. They represent the two
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axes of the space-time, and we will only be interested in the region of the space-time lying
between them:
−1 < x < +1 . (8)
Since P (x = 0) = 1 > 0, P should remain positive within the above range. This means
that the parameter c must lie in the range
−1 ≤ c ≤ 1 . (9)
In order to have the correct Lorentzian signature (−+++) for the metric (5), we
require Q < 0. Furthermore, the overall constant factor ℓ2(1 − b) of the metric must be
positive. So we necessarily have either
ℓ2 > 0 , b < 1 , (10)
or
ℓ2 < 0 , b > 1 . (11)
The former corresponds to the AdS case, while the latter corresponds to the dS case. The
Ricci-flat limit can be obtained from either case, by letting
ℓ2 → ±∞ , b→ 1 . (12)
Thus, we see that the value of the parameter b with respect to 1 is tied directly to the
sign of the cosmological constant. This is a nice property of the present parameterisation.
We now turn to the range of y. We note from (5) that conformal infinity of the
space-time lies at x = y. Due to the reflection symmetry2 of the metric (5), we can
assume
y < x . (13)
Thus, in an x-y plot, the region of interest always lies below the curve y = x.
We also require that the region of interest does not contain any curvature singularities.
Now it can be checked that the metric (5) contains curvature singularities at x, y = ±∞.
In particular, the curvature singularity at y = −∞ can be avoided by demanding that the
function Q admits at least one real root y1 satisfying y1 < −1, which represents the event
horizon of a black hole. This event horizon has a spherical topology, and will enclose the
2This refers to the property of the metric (5) that it remains invariant under the transformation
(x, y, t, φ, c)→ −(x, y, t, φ, c). A similar property holds for the metrics (48) and (111) below.
7
curvature singularity y = −∞. By restricting y to the range
y > y1 , (14)
we will be focussing on the static region outside the black hole.
Recall that we should have Q < 0 in this region. This means that Q should satisfy
Q(y= y1) = 0 , Q
′(y= y1) < 0 , (15)
at y = y1. These conditions in fact imply that the parameter c is non-negative. For a
negative c satisfying (9), P has a positive leading (cubic) coefficient and admits a third
root lying above 1. Since the function Q can be obtained from P by a constant shift, we
see that the conditions (15) cannot be simultaneously satisfied. Hence, the range of the
parameter c is given by
0 ≤ c ≤ 1 . (16)
With this range of c, the third root of P lies at or below −1.
We now turn to the root structure of Q, which will then fix the range of the coordinate
y and hence the entire (x, y) coordinate range of the region of interest. We shall refer to
this coordinate range as the domain of the space-time. The domain of the space-time will
encode useful information about its physical properties.
2.1.1 Domain structure
The root structure of Q is largely determined by the value of the parameter b. For a fixed
c in the range (16), and in view of (6), we see that for a sufficiently negative b, Q has
only one root y1. As mentioned above, this root should be identified as the location of
the black-hole horizon. The coordinates in this case thus take the ranges
−1 < x < +1 , y1 < y < x . (17)
This domain can be visualised in an x-y plot as shown in Fig. 1a. It describes the region
outside a black hole in AdS space-time, which extends to conformal infinity.
Now if we increase b above a certain critical value while still keeping it below 1, Q will
have three real roots y1,2,3 satisfying
−∞ < y1 < −1 < y2 ≤ y3 < +1 . (18)
The root y2 now represents an acceleration horizon of the space-time. If we restrict
ourselves to the static region of the space-time between the two Killing horizons, the
8
y1
−1 +1
(a)
y1
−1 +1
y2
y3
(b)
y1
−1 +1
−1
+1
(c)
y1
−1 +1
y2
y3
(d)
Figure 1: The domains of the static accelerating black holes described by (5): In (a), Q
has only one real root, while in (b), (c) and (d), Q admits three real roots. The first
domain describes a black hole without acceleration horizon, which only occurs in the AdS
case. The latter three domains describe black holes with acceleration horizons for the
AdS, Ricci-flat and dS cases, respectively.
coordinate ranges are
−1 < x < +1 , y1 < y < x , y < y2 . (19)
This domain is shown in Fig. 1b. It describes an accelerating black hole in AdS space-
time. More specifically, it describes the static region of space-time between the black-hole
and acceleration horizons.
When b = 1 is reached, the roots of Q will satisfy
−∞ < y1 = −1
c
< −1 = y2 < +1 = y3 . (20)
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−1
1
2
1
Sch–AdS
Sch–dS
AdS BH w/o AH
AdS BH w AH
dS BH w AH
(a)
(b)
c
b
Figure 2: The parameter space of the static accelerating black holes described by (5). It
is bounded by three curves: c = 0, c = 1 and the curve labelled by (a). The b = 1 line and
the dashed curve (b) divide the parameter space into three distinct regions, corresponding
to the domains depicted in Figs. 1a, 1b and 1d. Points on the b = 1 line correspond to
the Ricci-flat case in Fig. 1c.
The coordinate ranges are thus
y1 < y < −1 < x < +1 . (21)
This domain is shown in Fig. 1c. It describes a Ricci-flat accelerating black hole.
When b is increased beyond 1 while still keeping it below a certain critical value, the
roots of Q will satisfy
−∞ < y1 < y2 < −1 < +1 < y3 . (22)
The coordinate ranges are thus
−1 < x < +1 , y1 < y < y2 . (23)
This domain is shown in Fig. 1d. It describes an accelerating black hole in dS space-time.
2.1.2 Parameter space
We now describe the full parameter space of the metric (5). It turns out to be bounded by
three curves: the lines c = 0 and c = 1, and the curve labelled by (a) as shown in Fig. 2.
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Note that the c = 0 line meets the other two curves at b = ±∞. As we will discuss in
more detail in Secs. 2.3.1 and 2.3.4 respectively, c = 0 corresponds to the massless limit
of the black hole, while c = 1 corresponds to the limit in which the black hole becomes a
black bottle. The curve (a) corresponds to the situation in which y1 = y2 in Fig. 1d. The
Lorentzian region of interest vanishes in this limit, and no static space-time exists beyond
this curve. This special case will be discussed in Sec. 2.3.5.
The dashed curve (b) in Fig. 2 corresponds to the situation in which y2 = y3 in Fig. 1b.
Physically, it corresponds to the acceleration horizon becoming extremal, and it separates
the AdS black holes with acceleration horizons (Fig. 1b) from those without acceleration
horizons (Fig. 1a). This limit will be discussed in Sec. 2.3.6. On the other hand, the
line b = 1 separates the AdS black holes with acceleration horizons (Fig. 1b) from the dS
black holes with acceleration horizons (Fig. 1d). The line itself corresponds to Ricci-flat
black holes with acceleration horizons (Fig. 1c). This special case will be discussed in
Sec. 2.3.3.
Finally, we remark that the Schwarzschild-dS and Schwarzschild-AdS black holes can
be recovered in the scaling limit b → ±∞ and c → 0. In Fig. 2, this corresponds to
approaching the top-left and bottom-left corners of the parameter space, where the c = 0
line meets the other two boundary curves. These two special cases will be discussed in
Sec. 2.3.2.
2.2 Geometrical and physical properties
Having obtained the possible domains of the metric (5) in Sec. 2.1.1, we now turn to
a study of the boundary of each domain. This is most elegantly done using the rod-
structure formalism; see, e.g., [19–22] for more details of this formalism. In particular, we
shall follow the formalism of [21] most closely here. A discussion of the horizon geometries
based on the rod structure then follows.
2.2.1 Rod structure
We first consider the case in which an acceleration horizon is present in the space-time,
corresponding to one of the domains in Fig. 1b, 1c or 1d. The rod structure in this case
is
1. Rod 1: a semi-infinite space-like rod located at (x=−1, y1≤ y <−1), with direction
k1 =
1
κE1
(0, 1) , κE1 = 1− c ; (24)
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2. Rod 2: a finite time-like rod located at (−1≤x≤+1, y= y1), with direction
k2 =
1
κ2
(1, 0) , κ2 = −1
2
dQ
dy
∣∣∣∣
y=y1
; (25)
3. Rod 3: a finite space-like rod located at (x=+1, y1≤ y≤ y2), with direction
k3 =
1
κE3
(0, 1) , κE3 = 1 + c ; (26)
4. Rod 4: a time-like rod located at (max(y2,−1)≤x≤+1, y= y2), with direction
k4 =
1
κ4
(1, 0) , κ4 =
1
2
dQ
dy
∣∣∣∣
y=y2
. (27)
Since Rods 1 and 3 are space-like, they represent axes in the space-time. On the other
hand, Rods 2 and 4 are time-like and represent Killing horizons in the space-time; they
represent the black-hole and acceleration horizons respectively. Note that Rod 4 is semi-
infinite in extent in the AdS and Ricci-flat cases, and is finite in extent in the dS case.
In the case when the acceleration horizon is absent, corresponding to the domain in
Fig. 1a, Rod 4 has to be removed from the above rod structure. In this case, Rod 3
extends to conformal infinity, and has the coordinate range (x=+1, y1≤ y <+1). This,
of course, only occurs in the AdS case.
From the rod direction (24), we see that the coordinate identification
(t, φ)→
(
t, φ+
2π
1− c
)
, (28)
has to be made to avoid a conical singularity along the axis x = −1. On the other hand,
we see from (26) that the coordinate identification
(t, φ)→
(
t, φ+
2π
1 + c
)
, (29)
has to be made to avoid a conical singularity along the axis x = +1. In view of the
allowed range of c given by (16), these identifications cannot be made simultaneously
unless c = 0. If we make the identification (28), the space-time contains a strut with a
conical excess along the axis x = +1; if we make the identification (29), the space-time
contains a cosmic string with a conical deficit along the axis x = −1.
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2.2.2 Horizon geometries
To study the geometry of the black-hole horizon represented by Rod 2, it is convenient to
reparameterise the solution in terms of c and y1. This amounts to writing b as
b = cy1(y
2
1 − 1) + y21 . (30)
For a constant time slice, the induced metric on the horizon is
ds2BH =
ℓ2(1− y21)(1 + cy1)
(x− y1)2
[
dx2
(1− x2)(1 + cx) + (1− x
2)(1 + cx)dφ2
]
. (31)
We note that ℓ2(1 + cy1) < 0, so this metric is positive semi-definite.
It can be checked that the induced metric is regular at the north or south pole x = ±1,
if the corresponding identification (29) or (28) is made, respectively. For definiteness, we
choose to make the identification (29), so that the north pole of the horizon is regular.
This leaves a conical singularity at the south pole, with a deficit angle given by
δ =
4πc
1 + c
. (32)
With the identification (29), the area of the horizon is
ABH = −2ℓ2(1 + cy1)∆φ
= −4πℓ
2(1 + cy1)
1 + c
. (33)
An important geometrical quantity characterising the horizon is its scalar curvature,
which can be calculated to be
R(x) = − 2
ℓ2
+
2c(x− y1)3
ℓ2(1− y21)(1 + cy1)
. (34)
At the north and south poles, it is
R(x=+1) = − 2
ℓ2
1− c + (1 + 3c)y1
(1 + y1)(1 + cy1)
> 0 ,
R(x=−1) = − 2
ℓ2
2(1 + cy1)− (1− c)(1 + y1)
(1− y1)(1 + cy1) . (35)
It can be checked that the scalar curvature is always positive at the north pole. At the
south pole however, it is positive in the dS and Ricci-flat cases, but can have either sign
in the AdS case. Since R is a monotonically increasing function of x, we conclude that it
is positive everywhere on the horizon if it is positive at the south pole.
It is instructive to embed the horizon as a surface of revolution in a three-dimensional
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(a) (b) (c)
Figure 3: The horizon geometry (31) of the static accelerating black hole, as embedded
as a surface of revolution in a three-dimensional Euclidean space. In (a), (b) and (c),
R(x=−1) is positive, zero and negative, respectively. The south pole in each case is
attached to a cosmic string that extends to infinity at the bottom of the figure.
Euclidean space, in order to visualise its geometry. We remark that this is not always
possible if the scalar curvature is negative, although it turns out to be possible for the
cases considered here. The embedding diagrams are shown in Fig. 3, for each possible
sign for R(x=−1), as well as for the case in which it is zero. In all three cases, it is clear
that the north pole is regular, just as it is clear that there is a conical singularity at the
south pole. The difference between them lies in the concavity or convexity of the horizon
geometry as the south pole is approached.
It is also clear from Fig. 3 that the horizon becomes more elongated as R(x=−1) is
decreased. In fact, in the limit c → 1 where R(x=−1) becomes the most negative, the
south pole of the horizon extends to infinity, and the black hole becomes a black bottle [6]
(c.f. Sec. 2.3.4). At the other extreme, there is a limit in which c → 0 such that the
horizon becomes perfectly spherical. This is the zero-acceleration limit (c.f. Sec. 2.3.2).
The geometry of the acceleration horizon can be analysed along similar lines, although
we will not present the details here. We merely comment that in the AdS and Ricci-flat
cases, the acceleration horizon extends to conformal infinity, and has the topology of a
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plane. However, in the dS case, it remains compact and has a spherical topology. It in
fact surrounds and encloses the black-hole horizon, and is also known as a cosmological
horizon.
When there are two Killing horizons present in the space-time, it is natural to ask
if thermal equilibrium can be achieved between them. Recall that the temperature of a
Killing horizon is given in terms of its surface gravity by T = κ
2π
. From the expressions of
the surface gravities of the black-hole and acceleration horizons in (25) and (27), it can
be shown that κ2 > κ4. Thus
TBH > TAH , (36)
i.e., the black-hole horizon is always hotter than the acceleration horizon.
2.3 Special cases
In this section, we shall study several important special cases of the metric (5). In the
process, we will obtain a better understanding of the parameters of the solution, and the
various boundaries and parts of the parameter space in Fig. 2.
2.3.1 Massless limit
In the limit of vanishing c:
c→ 0 , (37)
it can be checked that the curvature invariants of the metric (5) all become constant
everywhere. Thus the black hole disappears in this limit, and we are left with (a part
of) AdS space-time, Minkowski space-time or dS space-time, in the case b < 1, b = 1 or
b > 1, respectively. For this reason, we can interpret c as the mass parameter of the black
hole, and (37) corresponds to taking the mass to be zero.
This limit of vanishing c implies that y1 → −∞. In terms of the rod structure, the
would-be horizon at (−1≤x≤+1, y=−∞), represented by Rod 2, collapses to a single
regular point in this limit. Rods 1 and 3 then merge to become the sole axis of the
space-time. Note that an acceleration horizon is still present in the space-time in the case
b ≥ 0.
2.3.2 Schwarzschild–dS/AdS black hole
The Schwarzschild–dS/AdS black hole can be recovered from metric (5) by taking the
limits
b→ ±∞ , c→ 0 , (38)
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in an appropriate way. Specifically, we set
b = − 1
ǫ2
, c =
2mǫ
ℓ
, x = cos θ , y = − ℓ
ǫr
, t→ ǫ
ℓ
t . (39)
If we take the limit ǫ → 0, we recover the familiar form of the Schwarzschild–AdS black
hole:
ds2 = −
(
1− 2m
r
+
r2
ℓ2
)
dt2 +
dr2
1− 2m
r
+ r
2
ℓ2
+ r2(dθ2 + sin2 θ dφ2) . (40)
The Schwarzschild–dS black hole can similarly be recovered, if we take the limit ǫ → i0
instead. The quantities in (39) remain real, since recall that ℓ is imaginary in this case.
We note from the second equation in (39) that c is related to the mass m of the black
hole in this scaling limit. This is consistent with our interpretation of c as the mass
parameter in Sec. 2.3.1. On the other hand, b can be interpreted as the acceleration
parameter. The zero-acceleration limit, as we have just seen, corresponds to taking its
magnitude to infinity.
2.3.3 The C-metric
If we take the Ricci-flat limit
b→ 1 , (41)
while keeping ℓ2(1− b) ≡ κ2 constant, the metric (5) becomes
ds2 =
κ
2
(x− y)2
[
G(y)dt2 − dy
2
G(y)
+
dx2
G(x)
+G(x)dφ2
]
,
G(x) = (1− x2)(1 + cx) . (42)
This is equivalent to the factorised form of the C-metric first proposed in [7]. In this form
of the metric, the black-hole horizon is at y = −1
c
, while the acceleration horizon is at
y = −1.
2.3.4 Static black bottle
In the limit of maximum c:
c→ 1 , (43)
the third root of P joins up with the one at x = −1 to form a double root at this point.
Because of this, the axis represented by Rod 1 becomes infinitely far away from the other
points of the space-time. Since the south pole of the black-hole horizon is attached to
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this axis, it is also pushed to infinity. The horizon then takes the shape of a bottle, with
an infinitely long neck. Such “black bottle” solutions were studied in detail in [6]. As is
clear from Fig. 2, this limit only exists if b < 1, i.e., in AdS space-time.
2.3.5 Space-time with no static region
Recall that for fixed c, the maximum value that b can take occurs when the two roots
y1 and y2 coincide. This limit corresponds to the situation where the black-hole horizon
coincides with the acceleration horizon, thus leaving a space-time with no static region.
The condition y1 = y2 can be solved parametrically in terms of the double root itself.
If we denote y∗ ≡ y1, then we have
Q(y= y∗) = 0 , Q
′(y= y∗) = 0 , (44)
which can be solved to obtain
b = −y
2
∗(1 + y
2
∗)
1− 3y2∗
, c =
2y∗
1− 3y2∗
, (45)
where
−∞ < y∗ < −1 . (46)
This gives the curve (a) in Fig. 2. Since this curve satisfies b > 1, it lies entirely in the
dS region of the parameter space.
2.3.6 AdS black hole with extremal acceleration horizon
It is also possible for the two roots y2 and y3 to coincide, which corresponds to the accel-
eration horizon becoming extremal. The condition y2 = y3 can be solved parametrically
in terms of the double root itself. If we denote y∗ ≡ y3, we in fact get the same solution
(45), but with a different parameter range:
0 < y∗ <
1
3
. (47)
This gives the dashed curve (b) in Fig. 2. Note that it lies entirely in the AdS region of
the parameter space. It separates the AdS black holes with acceleration horizons from
those without acceleration horizons.
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3 Rotating accelerating black hole
The metric describing a rotating and accelerating spherical black hole can be written as
ds2 =
ℓ2(1− b)
(x− y)2
[
Q(y)
1 + ax2y2
(dt−√ax2dφ)2 − 1 + ax
2y2
Q(y)
dy2
+
1 + ax2y2
P (x)
dx2 +
P (x)
1 + ax2y2
(dφ+
√
ay2dt)2
]
,
P (x) = 1 + cx− (1− ab)x2 − cx3 − abx4,
Q(y) = b+ cy − (1− ab)y2 − cy3 − ay4. (48)
We note that the functions P and Q can also be written as
P (x) = (1− x2)(1 + cx+ abx2) , Q(y) = P (y)− (1− b)(1 + ay4) . (49)
This solution has four parameters: ℓ, a, b and c. The static solution (5) is recovered by
setting a = 0, so a can be interpreted as a rotation parameter. The other three parameters
ℓ, b and c have the same interpretations as in the static case.
The metric (48) was obtained from the Pleban´ski–Demian´ski solution [1], by imposing
that (a) P admits at least two real roots corresponding to the two axes of the space-time;
and (b) the two axes have the same generator up to an overall normalisation. These two
conditions ensure that the solution describes a spherical black hole free of NUT charge. In
particular, (b) implies that the two roots of P must have opposite sign to each other. By
an appropriate rescaling of the coordinates, they can be fixed at x = ±1, and the metric
(48) is obtained. This derivation is similar to that of the black bottle solution from the
Pleban´ski–Demian´ski solution in [6], and interested readers may refer to Appendix A of
that paper for more details.
3.1 Coordinate and parameter ranges
As in the static case, we take the range of x to be (8). Since P (x=0) = 1 > 0, P
should remain positive within this range. This requires the larger factor of P in (49)
to be positive within this range. In particular, its non-negativity at the two endpoints
x = ±1 implies that
−(1 + ab) ≤ c ≤ 1 + ab . (50)
We next require that the metric (48) is real-valued and has the correct Lorentzian
signature. To ensure that it is real-valued, note that the parameter a has to be non-
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negative:
a ≥ 0 . (51)
The requirement of Lorentzian signature means that Q < 0 and ℓ2(1− b) > 0, just as in
the static case. In particular, the latter condition implies that b < 1, b = 1 and b > 1, for
the AdS, Ricci-flat and dS cases, respectively.
We now turn to the range of y. As in the static case, conformal infinity of the metric
(48) lies at x = y. The reflection symmetry of the metric (c.f. Footnote 2) allows us to
consider only the region with y < x. It can also be checked that (48) admits curvature
singularities at (x=0, y=±∞) and (x=±∞, y=0). To avoid the curvature singularity
at (x=0, y=−∞), we demand that Q admits at least one real root y1 satisfying y1 < −1.
This root can be interpreted as the event horizon of the black hole, which encloses the
curvature singularity. By restricting y to the range y > y1, we will be focussing on the
stationary region outside the black hole.
Since Q < 0 in this region, it should satisfy the conditions (15). But now that Q is a
quartic function with a negative leading coefficient −a, it follows that Q admits another
real root y0 satisfying
−∞ < y0 ≤ y1 < −1 . (52)
The appearance of this root is not unexpected, since adding rotation to a black hole causes
an inner horizon to appear. The root y0 can be identified as the inner horizon of the black
hole.
3.1.1 Domain structure
In this subsection, we will analyse the root structure of Q, and hence determine the
possible domains for the metric (48). Apart from the appearance of the new root y0, the
qualitative behaviour of Q is actually similar to that in the static case. We again consider
the different cases given by the sign of the cosmological constant.
In the AdS case for which b < 1, Q may admit either two or four real roots. If Q
admits only two real roots, the root structure is simply described by (52), and the domain
of interest is (17). If Q admits four real roots, the two other roots lie in between −1 and
+1. This follows from the fact that
Q(y=±1) = −(1− b)(1 + a) < 0 ,
Q′(y=−1) = 2(1− c+ ab) + 4a(1− b) > 0 ,
Q′(y=+1) = −2(1 + c+ ab)− 4a(1− b) < 0 , (53)
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where the conditions (50) and (51) have been used. If we denote these two roots as y2,3,
we have
−∞ < y0 ≤ y1 < −1 < y2 ≤ y3 < +1 . (54)
The domain of interest is then (19).
In the dS case for which b > 1, it follows that
Q(y=±1) = (b− 1)(1 + a) > 0 . (55)
Hence, Q admits four real roots, satisfying
−∞ < y0 ≤ y1 < y2 < −1 < +1 < y3 . (56)
The domain of interest is then (23). In the Ricci-flat case for which b → 1, we see that
y2,3 → ∓1. So the four real roots of Q satisfy
−∞ < y0 ≤ y1 < y2 = −1 < +1 = y3 . (57)
The domain of interest is then (21).
Since the above four possible domains of interest are exactly the same as in the static
case, they can be visualised as in Fig. 1. The only difference is the appearance of the new
root y0, which is not shown in the plots.
3.1.2 Parameter space
We now describe the a-b-c parameter space of the metric (48). It turns out that the
allowed range of parameters is more restrictive than (50) and (51), since we have not
fully exploited the restrictions on the parameters imposed by the condition (52). The full
parameter space is determined only after all three conditions are solved for, and is shown
in Fig. 4.
As can be seen, the parameter space has the general shape of a pyramid, whose height
is parameterised by a. Constant-a slices of the pyramid are then parameterised by b
and c. The base of the pyramid, given by a = 0, is nothing but the parameter space of
the static accelerating black hole shown in Fig. 2. Thus the base is unbounded in the
b-direction, although it is bounded in the c-direction. For non-zero a however, the slices
of the pyramid are bounded in both the b- and c-directions. A series of constant-a slices
of the pyramid are shown in Fig. 5.
Each of the constant-a slices in Fig. 5 has the general shape of a triangle. It is clear
that the area of the triangles decreases as a is increased, and it vanishes when a = 1. This
defines the apex of the pyramid. It is also clear that the triangles shift in the c-direction
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b
Figure 4: The parameter space of the metric (48). It has the general shape of a pyramid,
whose height is parameterised by a. For clarity, only the part of the pyramid with 0.1 ≤
a < 1 is shown (in medium gray). The part with 0 < a < 0.1 has been cut out to reveal
the two far sides of the pyramid (in light gray) and its base (in dark gray). The base of
the pyramid a = 0 corresponds precisely to the parameter space in Fig. 2.
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Figure 5: Constant-a slices of the parameter space of the metric (48) for various values
of a as indicated. Each slice has the general shape of a triangle. As a is increased, the
triangles become smaller and shift in the c-direction. They shrink to a point when a = 1,
corresponding to the apex of the pyramid in Fig 4.
21
as a is increased, with the apex of the pyramid located at (a, b, c) = (1, 1, 2). Thus the
pyramid is slanted in the c-direction, although this is not apparent in Fig. 4 because of
the perspective chosen. The maximum allowed value of both a and c are reached at the
apex. This implies the global boundedness of the parameter a:
0 ≤ a < 1 , (58)
and of the parameter c:
0 ≤ c < 2 . (59)
Let us now study the constant-a slices with non-zero a in more detail. As can be seen
from Fig. 5, each of these slices is bounded by three curves, which can be unambiguously
referred to as the top, bottom-left and bottom-right curves. They are the generalisations
of the three boundary curves in Fig. 2 to non-zero a. We shall describe each one in turn.
The lower-right boundary curve is a straight line satisfying the equation c = 1 + ab.
For this value of c, P has a double root at x = −1. This has the effect of sending the
south pole of the black-hole horizon to infinity. Thus, points on this line describe rotating
black bottles. Note that this curve lies entirely in the AdS region of the parameter space.
This special case will be discussed in Sec. 3.3.3.
The top boundary curve corresponds to the situation in which y1 = y2. Thus, the
Lorentzian region of interest vanishes along this curve, and no stationary space-time exists
beyond it. Note that this curve lies entirely in the dS region of the parameter space. This
special case will be discussed in Sec. 3.3.5.
Lastly, the lower-left boundary curve corresponds to the situation in which y0 = y1.
Thus, points on this curve describe rotating black holes whose inner and outer horizons
coincide, i.e., extremal rotating black holes. Since this curve passes through b = 1, it
lies in both the dS and AdS regions of the parameter space. This special case will be
discussed in Sec. 3.3.4.
For values of a lying in the range
0 < a <
√
9−
√
8 , (60)
the constant-a slices contain two additional physically significant curves within them.
They are depicted as the dashed and dotted curves in the a = 0.1 slice in Fig. 5. We now
describe their significance.
The dashed curve corresponds to the situation in which y2 = y3. Thus, points on this
curve describe rotating black holes whose acceleration horizons have become extremal.
It is the generalisation of the dashed curve in Fig. 2 to non-zero a, and lies entirely in
the AdS region of the parameter space. It divides the parameter slice into two: below it
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are solutions describing black holes without acceleration horizons; above it are solutions
describing black holes with acceleration horizons. This special case will be discussed in
Sec. 3.3.6.
For solutions with both a black-hole and an acceleration horizon, it is natural to ask
if thermal equilibrium can be achieved between them. This is precisely achieved on the
dotted curve, which is actually a straight line. Since this line passes through b = 1, it lies
in both the dS and AdS regions of the parameter space. Solutions to the left of it have a
black-hole horizon whose temperature is lower than that of the acceleration horizon, while
the opposite is true for solutions to the right of it. This special case will be discussed in
Sec. 3.3.7.
When a = 0, the dotted curve actually lies within the c = 0 boundary of Fig. 2. As
a is increased, it shifts in the c-direction. At the same time, the dashed curve also shifts
slightly, and is shortened in length. At the critical value a =
√
9 −√8, the dotted curve
coincides with the lower-right boundary curve c = 1+ ab, while the dashed curve shrinks
to a point which coincides with the bottom corner of the parameter slice. When a is
increased beyond this critical value, the dashed and the dotted curves vanish from the
parameter slice. This means that there is always an acceleration horizon present in the
space-time, and that its temperature is always higher than that of the black-hole horizon.
We remark that the Kerr-dS and Kerr-AdS black holes can be recovered in the scaling
limit b → ±∞, c → 0 and a → 0. In Fig. 4, this corresponds to approaching the two
infinite corners of the pyramid, where the c = 0 line meets the other boundary curves.
These two special cases will be discussed in Sec. 3.3.1.
Finally, we note that for the above parameter space, the following inequality holds:
−1 < ab < 1 . (61)
Although it is not obvious, this result can be rigorously proved. It will be needed when
we show that the space-time is free of CTCs in Sec. 3.2.4.
3.2 Geometrical and physical properties
3.2.1 Rod structure
We now consider the rod structure of the metric (48). When an acceleration horizon is
present, the rod structure is as follows:
1. Rod 1: a semi-infinite space-like rod located at (x=−1, y1≤ y <−1), with direction
k1 =
1
κE1
(
√
a, 1) , κE1 = 1− c+ ab ; (62)
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2. Rod 2: a finite time-like rod located at (−1≤x≤+1, y= y1), with direction
k2 =
1
κ2
(1,−√ay21) , κ2 = −
1
2
dQ
dy
∣∣∣∣
y=y1
; (63)
3. Rod 3: a finite space-like rod located at (x=+1, y1≤ y≤ y2), with direction
k3 =
1
κE3
(
√
a, 1) , κE3 = 1 + c+ ab ; (64)
4. Rod 4: a time-like rod located at (max(y2,−1)≤x≤+1, y= y2), with direction
k4 =
1
κ4
(1,−√ay22) , κ4 =
1
2
dQ
dy
∣∣∣∣
y=y2
. (65)
It can be checked that the surface gravities in the above rod directions are all non-negative.
When the acceleration horizon is absent, Rod 4 becomes irrelevant in the rod structure,
as in the static case.
From the above rod structure, we note that Rods 1 and 3 have parallel directions.
Thus, we can identify either k1 or k3 as the generator of the axial symmetry of the
solution; either way, the axes described by Rods 1 and 3 are consistently defined, and
NUT charge is absent from the space-time [21]. This confirms that the metric (48) is the
natural rotating generalisation of the static metric (5).
3.2.2 Temporal and azimuthal coordinates
When a is non-zero, note that the directions of Rods 1 and 3 are no longer purely along
∂
∂φ
. This can be fixed by defining a new temporal coordinate τ by
τ = t−√aφ . (66)
The metric (48) then becomes
ds2 =
ℓ2(1− b)
(x− y)2
{
Q(y)
1 + ax2y2
[
dτ +
√
a(1− x2)dφ]2 − 1 + ax2y2
Q(y)
dy2
+
1 + ax2y2
P (x)
dx2 +
P (x)
1 + ax2y2
[
(1 + ay2)dφ+
√
ay2dτ
]2}
. (67)
One can again calculate the rod structure in these coordinates. It turns out to be identical
to the above rod structure, except that the rod directions are given in terms of the new
24
basis
{
∂
∂τ
, ∂
∂φ
}
by
k1 =
1
κE1
(0, 1) , κE1 = 1− c+ ab ; (68a)
k2 =
1
κ2
(
1,−
√
ay21
1 + ay21
)
, κ2 = − 1
2(1 + ay21)
dQ
dy
∣∣∣∣
y=y1
; (68b)
k3 =
1
κE3
(0, 1) , κE3 = 1 + c + ab ; (68c)
k4 =
1
κ4
(
1,−
√
ay22
1 + ay22
)
, κ4 =
1
2(1 + ay22)
dQ
dy
∣∣∣∣
y=y2
. (68d)
As desired, the directions of Rods 1 and 3 are now purely along ∂
∂φ
. The axial symmetry of
the space-time is thus generated by ∂
∂φ
, so φ is the azimuthal coordinate of the space-time.
To avoid a conical singularity along Rod 1, the coordinate identification
(τ, φ)→ (τ, φ+∆φ1) , ∆φ1 ≡ 2π
1− c+ ab , (69)
has to be made. On the other hand, to avoid a conical singularity along Rod 3, the
coordinate identification
(τ, φ)→ (τ, φ+∆φ2) , ∆φ2 ≡ 2π
1 + c+ ab
, (70)
has to be made. From the ranges of parameters we have identified, in particular from
0 ≤ c ≤ 1 + ab, we see that
∆φ1 ≥ ∆φ2 , (71)
with equality holding only if c = 0. Thus, as in the static case, the identifications (69) and
(70) in general cannot be made simultaneously. If we choose to avoid a conical singularity
along x = +1, then there will necessarily be one along x = −1, and vice versa.
3.2.3 Horizon geometries
To study the black-hole horizon geometry, it is convenient to reparameterise the solution
in terms of a, c and y1. This amounts to writing b as
b = y21 +
cy1(y
2
1 − 1)
1 + ay21
. (72)
For a constant time slice, the black-hole horizon has the induced metric
ds2BH =
ℓ2(1− y21)(1 + cy1 + ay21)
(1 + ay21)(x− y1)2
[
1 + ax2y21
P (x)
dx2 +
P (x)
1 + ax2y21
(1 + ay21)
2dφ2
]
. (73)
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It can be checked that this metric is positive semi-definite for our ranges of interest.
For definiteness, we will make the identification (70) in the rest of this subsection.
This makes the north pole of the horizon a regular point, but there will be a conical
singularity at the south pole. The deficit angle at the south pole is
δ =
4πc
1 + c+ ab
. (74)
It can be checked that 0 ≤ δ ≤ 2π, with the lower bound being reached in the Kerr–
dS/AdS limit (c.f. Sec. 3.3.1), and the upper bound being reached in the black bottle
limit (c.f. Sec. 3.3.3). With the identification (70), the area of the horizon is
ABH = −2ℓ2(1 + cy1 + ay21)∆φ
= −4πℓ2
(
1 +
c(1− y1)(1− ay1)
(1 + ay21)(1 + cy1 + ay
2
1)
)−1
. (75)
The scalar curvature of the metric (73) is
R(x) = − 2
ℓ2
+
2c(x− y1)3(1 + ay21)(1− 3axy1 − 3ax2y21 + a2x3y31)
ℓ2(1− y21)(1 + cy1 + ay21)(1 + ax2y21)3
. (76)
Unlike the static case, it can be checked that the scalar curvature can become negative
at the north pole of the horizon for certain parameter ranges. When this happens, it is
no longer possible to embed this region of the horizon in a three-dimensional Euclidean
space. In the cases when such an embedding is possible, they turn out to be qualitatively
similar to those in Fig. 3.
We remark that the geometry of the acceleration horizon can be analysed along similar
lines, and the results are qualitatively similar to the static case.
Now, recall that the second components in the brackets of k2,4 in (68) represent the
angular velocities of the black-hole and acceleration horizons, respectively. From these
expressions and the inequality y21 > y
2
2, we see that
|ΩBH| > |ΩAH| . (77)
So the two horizons always have different angular velocities: they can never be in dynam-
ical equilibrium. The black-hole horizon is always rotating faster than the acceleration
horizon. On the other hand, the temperatures of the black-hole and acceleration hori-
zons do not have a definite order, and they can in fact be in thermal equilibrium (c.f.
Sec. 3.3.7).
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3.2.4 Absence of CTCs
Recall that the metric (67) does not contain any NUT charge, which means that the axes
at x = ±1 can be consistently defined with a common generator ∂
∂φ
. The time coordinate
τ in (67) remains non-compact and has the range −∞ < τ < ∞. These properties,
however, do not guarantee the absence of closed time-like curves (CTCs) in the space-
time. The absence of CTCs requires not only that τ is non-compact, but also that the
generator ∂
∂φ
does not vanish except on the axes themselves. This is in turn equivalent to
the requirement that gφφ in the metric (67) is non-negative in the domain of interest.
Direct computation yields
gφφ =
ℓ2(1− b)(1− x2)F
(x− y)2(1 + ax2y2) , (78)
where F is defined as
F ≡ (1 + ab)(1 + ay2)(1 + ax2y2) + c[x(1 + a2y4) + ay(1 + x2y2 − (x− y)2)] . (79)
We now prove that F is positive in the region
−1 < x < 1 , y1 < y < x ; (80)
this is sufficient to rule out CTCs in all the four possible domains of interest in Fig. 1.
For simplicity, we assume 0 < a < 1; it can be verified directly that the static case a = 0
has no CTCs. Invoking the second inequality in (50), we then have
F ≥ c(1 + ay2)(1 + ax2y2) + c[x(1 + a2y4) + ay(1 + x2y2 − (x− y)2)]
= c(1 + x)H , (81)
where H is defined as
H ≡ (1− axy)(1− ay3) + ay(1 + y)(1 + xy) . (82)
Clearly, CTCs are absent if H can be shown to be positive.
The proof that H is positive is similar to that in [6]. We begin by noting that H is
linear in x. Firstly, we consider the triangular range of coordinates satisfying
−1 ≤ y < x < +1 . (83)
H is positive in this range since
H(x= y) = (1 + ay)(1 + ay4) > 0 , H(x=+1) = (1 + ay2)2 > 0 . (84)
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Now we consider the rectangular range of coordinates satisfying
y1 < y < −1 < x < +1 . (85)
Since we have H(x=+1) > 0, it remains to show that
K ≡ H(x=−1) = 1 + 2ay − 2ay3 − a2y4 > 0 , (86)
for all y1 < y < −1. Note that K is a quartic polynomial in y with negative leading
coefficient, and that
K ′(y=−1) = 4a(a− 1) < 0 , K ′(y=0) = 2a > 0 . (87)
So for y1 < y < −1, the minimum of K lies either at y = y1 or y = −1. In either case, K
is positive after some algebra:
K(y=−1) = 1− a2 > 0 ,
K(y= y1) = K(y= y1)− aQ(y= y1)
= (1− ab)(1 + ay21) + ay1(2− c)(1− y21) > 0 , (88)
where the equation Q(y1) = 0 and the inequalities (59) and (61) have been used. This
concludes the proof that there are no CTCs in the domains of interest.
3.3 Special cases
The static accelerating black hole discussed in Sec. 2 is obtained from the metric (48) by
setting a = 0. This subclass of solutions forms the bottom boundary of the parameter
space shown in Fig. 4. In this subsection, we will discuss several other special cases of
(48). In the process, we will obtain a better understanding of the various boundaries and
parts of the parameter space.
3.3.1 Kerr–dS/AdS black hole
The Kerr–dS/AdS black hole can be recovered from metric (48) by taking the limits
b→ ±∞ , c→ 0 , a→ 0 , (89)
in an appropriate way. This corresponds to approaching the two infinite corners of the
pyramid in Fig. 4. Specifically, we set
b = − 1
ǫ2
, c =
2mǫ
ℓ
, a =
α2ǫ2
ℓ2
, x = cos θ , y = − ℓ
ǫr
, t→ ǫ
ℓ
t . (90)
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If we take the limit ǫ→ 0, we recover the familiar form of the Kerr–AdS black hole:
ds2 = −Q
ρ2
(dt− α cos2 θ dφ)2 + ρ2
(
dr2
Q
+
dθ2
P
)
+
P
ρ2
sin2 θ (r2dφ+ αdt)2,
P = 1− α
2
ℓ2
cos2 θ , Q = (r2 + α2)
(
1 +
r2
ℓ2
)
− 2mr , ρ2 = r2 + α2 cos2 θ . (91)
The Kerr–dS black hole can similarly be recovered, if we take the limit ǫ → i0 instead.
The quantities in (90) remain real, since ℓ is imaginary in this case.
We note from the third equation in (90) that a is related to the rotational parameter
α of the black hole in this scaling limit. This is consistent with our interpretation of a as
the rotational parameter of (48).
3.3.2 Rotating C-metric
If we take the Ricci-flat limit (41) while keeping ℓ2(1− b) ≡ κ2 constant, the metric (48)
becomes
ds2 =
κ
2
(x− y)2
[
G(y)
1 + ax2y2
(dt−√ax2dφ)2 − 1 + ax
2y2
G(y)
dy2
+
1 + ax2y2
G(x)
dx2 +
G(x)
1 + ax2y2
(dφ+
√
ay2dt)2
]
,
G(x) = (1− x2)(1 + cx+ ax2) . (92)
This is equivalent to the form of the rotating C-metric given in [8]. The roots of the
factor 1+ cy+ay2 in the function G(y) are the locations of the inner and outer black-hole
horizons. For these horizons to exist, the parameters a and c have to satisfy 0 ≤ a < 1
and 2
√
a ≤ c < 1 + a.
3.3.3 Rotating black bottle
The far-right side of the pyramid in Fig. 4 (equivalently, the lower-right edges of the
constant-a slices in Fig. 5) corresponds to the limit
c→ 1 + ab . (93)
In this case, P admits a double root at x = −1. This is the rotating generalisation of
the black bottle solution discussed in Sec. 2.3.4. It occurs only in AdS space-time, and is
studied in detail in [6]. In particular, we note that the parameter space identified in [6]
(c.f. Fig. 6 of that paper) is precisely the far-right side of the pyramid in Fig. 4.
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3.3.4 Accelerating extremal Kerr–dS/AdS black hole
For fixed a and b, the minimum value that c can take lies on the near side of the pyramid
in Fig. 4 (equivalently, the lower-left edges of the constant-a slices in Fig. 5). This occurs
when the inner and outer black-hole horizons coincide, corresponding to the black hole
becoming extremal.
In terms of the roots of Q, this occurs when the two roots y0 and y1 coincide. If we
denote y∗ ≡ y0 = y1, then we have the solution
b = −y
2
∗(1 + y
2
∗) + ay
4
∗(3− y2∗)
1− 3y2∗ − ay2∗(1 + y2∗)
, c =
2y∗(1 + ay
2
∗)
2
1− 3y2∗ − ay2∗(1 + y2∗)
. (94)
It remains to deduce the range of the parameter y∗. We have, from (52), that −∞ < y∗ <
−1. However, it turns out that the actual range of y∗ is more restrictive than this. For
each fixed 0 < a < 1, it is bounded from below by the limit (93). This lower bound is
ya ≡ 1− 2
√
a+ 1
a
cos
[
1
3
arccos
(
−
√
a
a+ 1
)]
. (95)
On the other hand, it is bounded from above by the requirement that the other two roots
of Q are greater than y∗. This upper bound is
yb ≡ −
[
2
√
(a + 5)(a+ 1)
a
cos
(
1
3
arccos
−(a2 + 8a+ 11)
(a+ 5)3/2
√
a+ 1
)
− 2 + a
a
] 1
2
. (96)
This solution can thus be parameterised by a and y∗ (in addition to ℓ), with the ranges
ya < y∗ < yb , 0 < a < 1 . (97)
Note that b(y∗= ya) < 1 and b(y∗= yb) > 1. This means that the lower bound of y∗ occurs
in the AdS case, while the upper bound occurs in the dS case. In general, the acceler-
ating extremal black hole can exist in both the dS and AdS cases; it is the accelerating
generalisation of the extremal Kerr–dS/AdS black hole.
3.3.5 Space-time with no stationary region
For fixed a and c, the maximum value that b can take lies on the far-left side of the
pyramid in Fig. 4 (equivalently, the upper edges of the constant-a slices in Fig. 5). This
occurs when the outer black-hole horizon coincides with the acceleration horizon, thus
leaving a space-time with no stationary region.
In terms of the roots of Q, this occurs when the two roots y1 and y2 coincide. If we
denote y∗ ≡ y1 = y2, then we have the same solution (94) but with a different parameter
range for y∗. The lower bound of y∗ is given by yb obtained above. On the the other
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hand, the upper bound of y∗ is simply given by −1. It can be verified that for this range,
y∗ lies between the other two roots of Q as required.
This solution can thus be parameterised by a and y∗, with the ranges
yb < y∗ < −1 , 0 < a < 1 . (98)
Since b > 1 within these ranges, this solution only occurs in dS space-time.
3.3.6 Rotating AdS black hole with extremal acceleration horizon
It is also possible for the two largest roots of Q to coincide, which corresponds to the
acceleration horizon becoming extremal. Note from the possible domains in Fig. 1 that
this can only occur in the AdS case. If we denote y∗ ≡ y2 = y3, the solution is again given
by (94) but with a different parameter range for y∗. We have, from (54), that −1 < y∗ < 1.
However, the actual range of y∗ is more restrictive than this. For fixed a, it is bounded
from below by the requirement that the other two roots of Q are real and less than y∗.
This lower bound is
yc ≡ −1 − a +
√
1 + 6a+ a2
2
√
a
. (99)
On the other hand, it is bounded from above by the limit (93). This upper bound is
yd ≡ 1− 2
√
a+ 1
a
cos
[
1
3
(
arccos
√
a
a+ 1
+ π
)]
. (100)
In the context of the constant-a slices of Fig. 5, this solution describes a curve starting
on lower-left edge and ending on the lower-right edge. An explicit example is the dashed
curve depicted in the a = 0.1 slice. It should be noted however that it is not always the
case that yc < yd. While this is true for values of a less than
√
9 −√8, we actually have
yd < yc for values of a greater than this. The solution does not exist in this case.
Hence, rotating black holes with extremal acceleration horizons are parameterised by
a and y∗ satisfying
yc < y∗ < yd , 0 < a <
√
9−
√
8 . (101)
It can be checked that b < 0, consistent with the fact that this configuration occurs only in
the AdS case. These solutions form a surface which cuts through the parameter space of
Fig. 4 (not shown there), and divides it into two: one part describing black holes without
acceleration horizons, and the other describing black holes with acceleration horizons.
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3.3.7 Black hole in thermal equilibrium with its acceleration horizon
In the case when an acceleration horizon is present, there is a possibility of the black-
hole horizon having the same temperature as the acceleration horizon. The condition
of thermal equilibrium in this case translates to the equality κ2 = κ4. From (68b) and
(68d), we have the condition
1
1 + ay21
dQ
dy
∣∣∣∣
y=y1
+
1
1 + ay22
dQ
dy
∣∣∣∣
y=y2
= 0 . (102)
At y = y1,2, Q of course vanishes:
Q(y1) = 0 , (103a)
Q(y2) = 0 . (103b)
We first solve (102) and (103a) for b and c, and then substitute their solutions into (103b).
The following equation is obtained:
(1− ay1y2)2 − a(y1 + y2)2 = 0 , (104)
and a solution to this is
y2 =
1 +
√
ay1
ay1 −
√
a
. (105)
The other solution y2 =
1−√ay1
ay1+
√
a
to (104) is discarded, since it does not correspond to the
parameters within the region in Fig. 4. The parameters b and c can now be expressed in
terms of y1 and a as follows:
b =
y1(1 +
√
ay1)[(1 + a)y1 −
√
a(2− (1− a)y21)]
(1−√ay1)(1− a+
√
a(1 + a)y1 + 2ay21)
,
c =
2
√
a(1 + ay21)
2
(1−√ay1)(1− a+
√
a(1 + a)y1 + 2ay21)
. (106)
It can be checked that, for fixed a, there is in fact a linear relationship between b and c:
c =
2
√
a(1 + ab)
1− a . (107)
It remains to deduce the parameter ranges of a and y1 in (106). For fixed a, y1 is
bounded from below and above by the requirement that y0 < y1 and y1 < y2, respectively.
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These minimum and maximum values are given by
ye ≡ −1 + a+
√
1 + 6a+ a2
2
√
a
, yf ≡ 1−
√
2√
a
. (108)
In the context of the constant-a slices of Fig. 5, this solution describes a straight line
starting on lower-left edge and ending on the upper edge. An explicit example is the
dotted line depicted in the a = 0.1 slice. It turns out that when a =
√
9 − √8, this line
coincides with the lower-left edge given by c = 1+ ab. If a is increased beyond this value,
the line lies outside the parameter space.
Hence, black holes in thermal equilibrium with their acceleration horizons are param-
eterised by a and y1 satisfying
ye < y1 < yf , 0 < a <
√
9−
√
8 . (109)
These solutions form a surface which cuts through the parameter space of Fig. 4 (not
shown there), and divides it into two: one part describing black holes that are colder
than their acceleration horizons, and the other describing black holes that are hotter
than their acceleration horizons. Since this surface crosses b = 1, thermal equilibrium
can occur in both the dS and AdS cases. We remark that when y1 = ye, the solution
describes an extremal black hole in equilibrium with an extremal acceleration horizon.
This zero-temperature configuration is parameterised by
b = −a , c = 2√a(1 + a) , (110)
and can only occur in the AdS case.
4 Discussion
In this paper, we have presented a new form of the rotating C-metric with cosmological
constant (48). This solution describes the entire class of spherical black holes undergoing
rotation and acceleration in dS or AdS space-time, including the class of “slowly acceler-
ating” black holes in AdS space-time. When the cosmological constant vanishes, the form
of the rotating C-metric in [8] is recovered. Unlike previous forms of this solution, the
form presented here is simpler and allows for a complete characterisation of the parameter
space.
There are a few possible avenues for future work. One immediate generalisation of the
solution (48) is to add an electric charge e and a magnetic charge g to it. The metric is
33
given by
ds2 =
ℓ2(1− b)
(x− y)2
[
Q(y)
1 + ax2y2
(dt−√ax2dφ)2 − 1 + ax
2y2
Q(y)
dy2
+
1 + ax2y2
P (x)
dx2 +
P (x)
1 + ax2y2
(dφ+
√
ay2dt)2
]
,
P (x) = 1− q2 + cx− (1− ab− 2q2)x2 − cx3 − (ab+ q2)x4,
Q(y) = b− q2 + cy − (1− ab− 2q2)y2 − cy3 − (a+ q2)y4, (111)
and the corresponding gauge potential is given by
A =
√
ℓ2(1− b)(1 + a)
1 + ax2y2
[
ey(dt−√ax2dφ)− gx(dφ+√ay2dt)] . (112)
Here, we have defined q ≡
√
e2 + g2. Note that P and Q can also be written as
P (x) = (1− x2)[1− q2 + cx+ (ab+ q2)x2] , Q(y) = P (y)− (1− b)(1 + ay4) . (113)
This solution describes a charged, rotating and accelerating black hole with cosmological
constant. It can be analysed using methods similar to those employed in this paper.
Our main focus in this paper has been on black holes with spherical horizons. How-
ever, in the AdS case and for appropriately chosen coordinate and parameter ranges, the
solution we have identified (48) (or (111)) can alternatively be interpreted as describing
black holes with asymptotically hyperbolic horizons. In the static limit, the entire class of
such solutions was identified in [5] using the form (4), in which the functions P and Q are
assumed to have one real root each. It would be interesting to similarly reparameterise
(48) and study the rotating generalisation of (4).
Now, the Pleban´ski–Demian´ski solution generalises the solution (111) with the in-
clusion of NUT charge, and represents the most general solution of type D in Petrov’s
classification. Although the presence of NUT charge leads to the existence of CTCs for
spherical black holes, its interpretation in the case of hyperbolic black holes is less clear
and could potentially be interesting. Thus we believe there is still merit to study this
solution, to find a suitable parameterisation of it and identify the different classes of
space-times contained within it. We remark that an alternative form of the Pleban´ski–
Demian´ski solution has been proposed and studied in [23, 2]. Nevertheless, it might be
worthwhile to find a form of this solution that directly generalises the one proposed in
this paper.
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